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ABSTRACT 
This report considers an analogy between a structural system 
and a pipe network and shows the applicability of the finite element 
solution method to a pipe network. Because of the nonlinear nature 
of a pipe flow-head loss relationship a. special technique is developed 
to solve the problem by an iteration method. 
This iterative solution technique, coupled with the finite 
element approach offers significant advantages over the current 
solution methods for pipe network problems. This solution method does 
not suffer from the convergence problems of the Hardy Cross technique. 
-i 
A detailed description of the changes made to a finite element 
program, GENFEM, and of the method of data input is included. Hopefully 
this solution method will lead to optimization of pipe network design 
and operation. 
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1. INTRODUCTION 
Solution techniques to a wide variety of problems have been 
either exchanged or developed concurrently between science and engineer-
ing disciplines where mathematical analogies have existed. For example, 
the vibrational properties of mechanical systems are studied with theory 
developed for electrical components. Potential theory is applied to 
both groundwater flow and heat transfer problems. The case under 
consideration is the analogy between a structural system and a pipe 
network. The intent of this report is to show that a finite element 
solution technique can be applied to a pipe network with many significant 
advantages. 
The analogy between a structural system and a pipe network 
is briefly as follows: 
(a) Each pipe can be considered equivalent to a structural 
member acted upon by an axial force which creates a certain displacement. 
(b) The axial force is equivalent to the flow in a pipe with 
the magnitude and not the coordinate direction being the important 
criterion. 
(c) The displacement created by the axial force is equivalent 
to the head loss along the pipe with, once again, the magnitude only 
and not the coordinate direction being important. 
This equivalence is stated more rigorously in Sec. 2.1. 
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1.1 Historical Background 
The equivalence of structural systems and pipe networks has 
long been recognized and there are many examples of concurrent applica-
tion of solution techniques or the exchange of solution methods. The 
defining equations for a pipe network are nonlinear and this has been 
of major importance in the evolution of solution techniques. 
Iteration had been used as an approach to solving large 
1 
structural problems when Hardy Cross adapted an iterative solution 
technique to the pipe network problem. The Hardy Cross approach to 
pipe networks uses, as a boundary condition, either the fact that the 
algebraic sum of flows at any joint is zero or that the algebraic 
sum of the head loss around any loop is zero. These are simply adap-
tions of the classical laws of conservation of mass and of energy 
respectively. Depending on which criteria is used, a correction is 
applied to the assumed pipe flows or assumed piezometric heads until 
convergence to the unique solution is obtained. 
2 3 The Newton-Raphson ' technique of linearizing a nonlinear 
set of equations, which makes an iterative solution much more rapid, 
is a more recent example of a st~uctural technique which has been 
applied to the pipe network problem. Specifically Newton's rule applies 
to the approximation to a root of a given function while Raphson extended 
the procedure to a set of simultaneous equations. 
The advent of the high speed digital computer has been the 
stimulus behind the development of improved iterative techniques but 
it should be noted that recent research has used either the Hardy Cross 
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solution method4 or the basic loop method with some refinement 5 to 
improve the rate of convergence. The use of direct solution techniques 
is a more simple approach to the problem, and it yields a more direct 
physical solution. In fact, the Hardy Cross method is at present (1973) 
extensively used in both undergraduate education and engineering practice. 
Over the past two decades, with the interest in the digital 
computer for solution of hydraulic problems, there has been a concurrent 
interest in matrix solutions of structural problems. The most important 
development in this area has been the finite element method. The finite 
element method uses the relationship between the basic properties of 
each discrete element to define the behavior of each element. A solution 
for the response o·f the overall system to a set of boundary conditions 
is then provided by solving a set of compatible simultaneous equations 
by matrix solution techniques. The equations under structural problem 
conditions are normally linear and hence suitable to matrix solution. 
Reference has been made to the possibility of applying the finite 
6 
element method to a pipe network problem, but it had been pointed out 
that the defining equations are nonlinear. This report will show how 
the finite element method can be successfully adapted to the pipe 
network problem. 
1.2 Specific Program Development 
There were two reasons for the development of this method to 
solve the pipe network problem by the finite element method. 
Firstly, a computer program, PAWDS:' 8 ' 9 which is a Hardy Cross 
solution of the pipe network problem, is used by students in undergraduate 
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courses at Lehigh University. · This program was plagued by convergence 
problems typical of the Hardy Cross method. Two problems will be 
referenced here but these are by no means the only problems. Dillingham 
8 
and Cleasby point out that if the flow correction method is being used 
and a pipe or pipes exist Yh ich have a high resistance to flow (e.g., 
small diameter) then it is possible that the calculated flow correction 
will be larger and in the opposite direction to the currently assumed 
flow. When the method of piezomatic head corrections is used, Dillingham9 
points out that if a large pipe of short length and relatively low flow 
exists, many iterations are necessary before an appreciable change in 
piezometric head is obtained if the value of the assumed piezometric 
head is incorrect. These situations are very practical in their nature. 
10 Typical pipe distribution networks have these exact conditions. 
An extensive discussion of the convergence problems of the 
Hardy Cross method and the PAWDS program in particular is not intended 
in this report but the existence of these problems should be noted. 
Any iterative method which applies corrections either to the flow in 
a pipe on the basis of a loop and that pipe is part of another loop, 
or to a piezometric head on the basis of head loss in a pipe and that 
piezometric head controls the head loss in other pipes, will probably 
be subjected to convergence problems. 
The second reason for developing the solution technique was 
because of the existence of a very powerful finite element program, 
GENFEM, developed by Desai11 and available to Fritz Laboratory personnel. 
The advantage of this program was its completely general nature and 
hence easy adaption to use for the pipe network problem. 
2. APPLICATION OF THE FINITE ELEMENT METHOD 
2.1 Mathematical Basis 
When the finite element method is applied to a structural 
problem, the structure is subdivided into discrete elements. Each 
of these elements must satisfy three conditions: 
(a) Equilibrium of forces must be maintained. 
(b) Compatibility must be maintained. 
-5 
(c) The force-displacement relationship specified by the geometric 
and elastic properties of the discrete element must be satisfied. 
The force [F} in the member or element is related to the 
displacement of [ u} and the element properties or stiffness [K] by Eq. 2 .1. 
[F} = [K] [u} 2.1 
The sum of the forces in the members at each node of the structure is zero 
except where an external force is applied. By combining Eq. 2.1 for all 
the elements in the structure into an equation of identical form to Eq. 2.1 
and solving for displacements, the equilibrium of the system is satisfied. 
The equivalent set of conditions for a pipe network is identical--
hence the ability to draw the analogy. 
(a) The algebraic sum of the flows at any joint or node must be zero. 
(b) The value of the piezometric head at a joint or node is the same 
for all pipes connected to that joint. 
(c) The flow-head loss relationship (such as Darcy-Weisbach or 
Hazen-Williams) must be satisfied for each element or pipe. 
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The conditions for a pipe network deal with scalar quantities while the 
structural conditions deal with vector quantities. The analogy is 
drawn between the magnitudes of the equivalent quantities as the direction 
of flow in terms of a coordinate system has no meaning. This is discussed 
in more detail shortly. 
For a direct application of the finite element method involving 
a matrix solution, a linear relationship is required to define the element 
or pipe. Hence at this point, a relationship of the form of Eq. 2.2 
between flow (q), head loss (h) and the hydraulic properties of the 
pipe (c) will be assumed. 
q = ch 
The method of solution to make Eq. 2.2 equivalent to an established 
flow-head loss relationship is described in Sec. 2.3. 
2.2 
The head loss (h) in Eq. 2.2 is the difference between the 
piezometric head (H) of the nodes or joints at each end of the element 
or pipe contributing to the sum of the pipe flows (Q) at that joint. 
The pipe system matrix is assembled by writing the equations for the 
sum of the pipe flows (Q) at each joint as this value is known to be 
either zero or equal to the imposed external flow. Alternatively, if 
the piezometric head is specified at a joint then the sum of the pipe 
flows is implicitly defined. This set of simultaneous equatio~s can 
be combined into a matrix which defines the entire pipe system in terms 
of the sum of pipe flows (Q) at a joint and of the piezometric heads (H) 
at the joints. This matrix has the form of Eq. 2.3 
fQ} = [c] [H} 2.3 
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When the matrix is solved, the piezometric heads at all'joints are 
obtained. The difference in piezometric heads between two joints 
(which is the head loss) can be substituted into Eq. 2.2 to calculate 
the flow in the pipe between those two joints. The direction of flow 
is automatically preserved by taking the sign of the difference of the 
piezometric heads into account. 
The finite element representing the pipe is of the simplest 
form possible. Each element is one dimensional and has one degree of 
freedom at each node or joint. To successfully apply the summation of 
the flows at a joint, a convention must be adopted. Flow into a joint 
is taken as positive and flow out of a joint is negative. Outside of 
this convention only the magnitude of the flow is important as the 
relationship being dealt with is a scalar so the direction of flow in 
terms of a coordinate system is irrelevant. 
The analysis of a simple pipe network will best show the 
application of the finite element method. Refering to Fig. 1 and using 
the condition that the sum of the flows (qa, ab ... ) in or out of a 
joint must satisfy the equilibrium pipe flow (Q1 , Q2 ... ) criteria 
-(i.e., the boundary conditions) at that joint, the following equations 
can be written. 
Ql = qa + qd 2.4 
Q2 = qa + qb 2.5 
Q3 qb + qc + qf 2.6 
Q4 = q c + q + d qe 2.7 
Q5 = qe + qf 2.8 
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The individual pipe flows can be expressed by Eq. 2.2 noting that the 
head loss (h) is equal to the difference in the piezometric heads of 
the joints at each end of the particular pipe being considered. 
qa = + c (H - H2) 2.9 a 1 
qb = ± cb (H2 - H3) 2.10 
qc -- 1.. c (H3 - H ) 2.11 c 4 
qd = + cd (Hl - H ) 4 2.12 
qe = + c (H - H5) 2.13 
- e 4 
qf = ± cf (H -5 H3) 2.14 
Equations 2.4 through 2.8 can now be written in terms of the pipe 
coefficients (Ca, Cb ••• ) and the piezometric heads (H1 , H2 ••• ). 
Consistency of flow directions is taken into account by assuming the 
flow is away from the joint being considered, that is, the piezometric 
head at the other joints is subtracted from the piezometric head at 
the joint being considered. 
Ql = c (Hl - H ) + cd (Hl - H ) 2.15 a 2 4 
Q = c (H2 ,_ Hl) + cb (H2 - H3) 2.16 2 a 
Q3 = cb (H3 - H ) + c (H - H4) + cf (H3 - H ) 2.17 2 c 3 5 
Q4 = c (H4 - H3) + cd (H4 - Hl) + c (H4 - H5) 2.18 c e 
Q = c 5 e (H5 - H4) + Cf (H5 - H3) 2.19 
Equations 2.15 through 2.19 can be combined into the matrix 
form of Eq. 2.3 to yield Eq. 2.20. 
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Ql Ca+Cd -c 0 -c 0 Hl a d 
Q2 -c Ca+Cb -c 0 0 H2 a b 
Q3 = 0 -c C+C -c -c H3 2.20 b b+Cc c f 
f 
Q4 -c 0 -c c~ -c H4 d c c+ e 
e 
Q5 0 0 -c -c Ce+Cf H5 f e 
For this particular example, the following boundary conditions are given. 
Hl 100 ft 
Q2 = 700 gpm 
Q3 = 400 gpm 
Q4 = 0 gpm 
Q5 600 gpm 
Substituting these values into Eq. 2.20 gives Eq. 2.21 as the final 
form for solution. 
Ql Ca+Cd -c 0 -c 0 100 a d 
700 .-c Ca+Cb -c 0 0 H2 
.a b 
400 = 0 -c C+C -c -C H3 2.21 b b+Cc c f 
f 
0 -c 0 -c Cc+Cd -c H4 d c e 
+C 
e 
600 0 0 -c -c Ce+Cf H5 f e 
The values of the coefficients (C ' cb, ... ) for each pipe are determined a 
by the procedure to be outlined in Sec. 2.3. The unknowns H2' H3' H4' 
H5 and Q1 can be obtained by solving the matrix Eq. 2.21. The flows in 
the individual pipes can be found, as previously stated, by substituting 
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into the defining equations (Eqs. 2.9 through 2.14 for this example) 
after the piezometric heads have been found for each joint. 
2.2 Matrix Solution 
It is not the intent of this report to give a detailed descrip-
. f h GENFEM h. h b d db D .ll t1on o t e program as t 1s as een ocumente y esa1. Briefly 
12 the program applies a modification of the square-root method to solve 
the matrix Eq. 2.3. This method is applicable as the matrix of the 
pipe coefficients [c] is symmetric and hence can be resolved into the 
product of two triangular matrices of which one is the transpose of 
the other. Hence, 
[c] 
where 
[s] = 
[s'] [s] 
0 
0 0 s 
nn 
2.22 
2.23 
The elements of the matrix [S] can be determined as follows. From the 
rule for multiplication of matrices: 
s .. s .. , i < j 11 1J 
Hence, the elements of the matrix [S] are: 
sll =lSi 
c .. 
s .. = _!.1 1J sll 
2.24 
2.25 
2.26 
2.27 
=/c .. 
i-1 
s .. L: 8ti 
2 i > 
' u. ' 1.1. t=l 
i-1 
c .. - L: 8ti stj l.J t=l 
s .. = j > l.J s .. 1.1. 
s .. 0, i > j l.J 
Equation 2.3 can be rewritten as: 
[Q} = [S'] [S] [H} 
This equation can be written as two equations. 
[ Q} [s, J [ J} 
[J} = [s] [H} 
1 
i 
The elements of the vector [J} are determined by recurrence formulas 
analogous to formulas for S ... 
l.J 
i-1 
Q - L: 
i t=l 
J. = ---.::.--=----
1. s .. 
1.1. 
i > 1 
The final solution for the values of the piezometric head vector is 
given by the formulas 
J -i 
i < n 
-11 
2.28 
2.29 
2.30 
2.31 
2.32 
2.33 
2.34 
2.35 
2.36 
2.37 
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2.3 Method of Application 
For the successful application of the finite element method, 
the defining equation between flow and head loss must be linear or the 
matrix solution cannot be applied. In reality, the relationship is 
nonlinear and varies with the equation chosen. This section outlines 
the application of the finite element method by use of a linear equation 
(Eq. 2.2) as the defining flow-head loss relationship and the successive 
correction of the pipe coefficient (c) until a unique solution is found 
satisfying both the linear relationship and a non-linear relationship 
such as the Hazen-Williams equation or the Darcy-Weisbach_ equation. 
When this unique solution has been found for all pipes the network 
flow distribution has been solved. 
The program additions made to GENFEMS, documented in Chap. 4, 
allow a choice of the Hazen-Williams equation or the Darcy-Weisbach 
equation for the flow-head loss relationsh~p. An explicit equation 
for the value of the pipe friction factor (f) is used with the Darcy-
Weisbach equation. These two equations are described in more detail 
in Sec. 3.3. For purposes of explanation, the Hazen-Williams equation 
will be used, although it should be borne in mind that the method is 
identical for both equations. 
The two equations were derived for turbulent pipe flow. The 
relationship used to define flow versus head loss is shown in Fig. 2. 
Typically, the transition from laminar to turbulent conditions for pipe 
flow occurs at a Reynolds Number (~) of approximately 2000. The 
Reynolds Number is defined by the pipe diameter (D), and the dynamic 
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viscosity (~), the density (p), and the flow velocity (v) of the fluid 
flowing. Hence, 
2.38 
The flow (qT) at which transition occurs, corresponding to the Reynolds 
Number of 2000, is given by 
q = vA = 2000 ~ A 
T pD 2.39 
The relationship between flow and head loss for flows greater than qT 
is defined by either of the turbulent flow equations (Fig. 2 shows the 
use of the Hazen-Williams equation). 
For flows less than qT the flow versus head loss relationship 
is linear. To avoid a discontinuity in the defining relationship 
due to the transition region between laminar and turbulent flow, the 
linear relationship is obtained by simply joining the origin to the 
point (hT,qT)with a straight line. The coordinate hT is found from a 
substitution of the flow qT into the turbulent flow equation. It 
should be noted at this point that the linear portion of the graph 
does not enter into the calculations of a practical problem. Typically, 
the value of qT ranges from 0.5 to 5 gpm for 6 to 16 inch diameter pipes 
while typical flows range from 200 gpm to 5000 gpm for these size pipes. 
The Hazen-Williams equation relates the head loss (h) to the 
pipe diameter (D), the pipe length (t), the Hazen-Williams coefficient 
(CHW)' the flow (q), and a coefficient (c') for unit conversion. Hence, 
t 
1 
(_q_)l o86 
h ·c' D4 .a 1 C 
HW 
2.40 
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This equation can be rewritten in the following manner for a particular 
pipe by gr~~ping terms into one constant (cT). 
2.41 
For a matrix solution to be applied to the pipe·system, the equation 
defining the element or pipe is required to be in the form of Eq. 2.2. 
q = c h 2.2 
The solution technique can be divided into three steps. The 
first step is to select an initial value of the pipe coefficient (c) 
and solve the system matrix for the value of the piezometric heads. 
Secondly, the individual pipe flows are calculated by use of Eq. 2.2 
using the differences between the determined piezometric heads. These 
flows are then substituted into Eq. 2.41 and the pipe head losses are 
calculated. If the values of the head losses obtained correspond to 
those obtained from the matrix solution, then obviously, the unique 
solution satisfying both the Hazen-Williams equation and the linear 
Eq. 2.2 has been found. This case is represented for one pipe in 
Fig. 3. The third and final step then is to change the value of (c) 
to converge the problem to a solution if there is a difference between 
the head losses calculated by the two methods. 
A more detailed explanation of each of these steps will be 
given. The initial value of the pipe coefficient (c) is chosen to 
correspond to a Reynolds Number of 200,000, a typical value for a 
practical problem. The flow (q1) is then calculated from the Reynolds 
Number relationship. 
q = vA = 200000 ~ A 
1 pD 
The value of the head loss (h1) corresponding to this flow (q1) is 
calculated from Eq. 2.41 
The pipe coefficient is then found from Eq. 2.2 as shown in Fig. 4. 
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2.42 
2.43 
2.44 
The second step, that of checking to see if the unique solution 
has been found is straight forward and depends only on the precision 
required. The allowable deviation between the head loss calculated by 
the matrix solution to the corresponding value from the Hazen-Williams 
equation is a variable and can be specified for a particular case taking 
into account the type of problem and the degree of precision desired. 
The third step, adjusting the value of (c), was developed with 
two ceiteria in mind. The solution should converge reasonably rapidly, 
yet the technique should remain simple. During the checking procedure, 
the flow (q ) for each pipe calculated via the matrix solution and Eq. 2.2 
c 
is used to determine the head loss (h ) from the Hazen-Williams equation. 
c 
Originally, the correction of the (c) value was arrived at by assuming 
that the point (he, qc) was the unique solution and hence the correct 
linear relationship was defined by a straight line joining·this point 
to the origin and defined by Eq. 2.45. 
h 2.45 
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qc 
The new value of (c) then was equal to ~· When all the pipe coefficients 
c 
were corrected in a similar way, the flow distribution obviously was 
altered and this method of correcting (c) proved to be an overcorrection 
when the matrix was resolved. To dampen this overcorrection effect, 
an averaging technique was introduced. The corrected value of (c) 
is taken to be the mean of the (c) value defined by Eq. 2.45 and the 
value of (c) used to obtain the matrix solution. This method of 
correcting (c) is shown in Fig. 5. The averaging method reduced the 
number of cycles required for convergence by approximately one-th~rd. 
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3. ADVANTAGES OF THE FINITE ELEMENT METHOD 
3.1 Convergence and Comparison to PAWDS 
The problems of convergence using the Hardy Cross method and 
other more refined loop methods, due to the application of corrections 
to loops rather than individual pipes, has already been discussed in 
Chap. 1. The principal advantage of the finite element method is the 
ability to apply the correction to the individual pipe. 
An example problem7 consisting of 19 pipes and 13 joints 
(Fig. 6) was solved using each program. The PAWDS program solved the 
system in 18 iteration cycles and 1.071 seconds. The GENFEM program 
solved the network in 15 iteration cycles and 4.731 seconds. Obviously, 
this example does not indicate a preferential method, but is included 
so that it can be considered with the next example to show the effect 
of increased system size. 
The second example problem with 75 pipes and 57 joints was 
also solved with both programs. The particular problem had been sub-
mitted by an undergraduate student and would not converge in the 
allowed time using the PAWDS program. Both the time limit and the 
iteration cycle limit were increased and the problem eventually converged 
using the PAWDS program after 16048 iteration cycles and 768.5 seconds. 
The same problem was solved with the GENFEM program after 20 iteration 
cycles and 22.150 seconds. This problem not only highlights the lack 
of convergence problems for the finite element method but also when 
compared to the first example problem, shows that the number of iteration 
cycles to convergence, for the finite element method, is virtually 
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independent of the number of pipes and joints. The number of iteration 
cycles for the PAWDS program rises rapidly with increased network size. 
3.2 Types of Elements 
The finite element method is not restricted to a pipe as the 
only element. Any type of hydraulic element can be included which can 
be defined by a flow-head loss relationship. When the pipe network is 
relatively small, an industrial plant piping system for example, then 
the bends, joints, elbows and valves become major head loss contributors. 
The head loss (h) across any of these elements is usually considered to 
be directly proportional to the velocity head (ya2 ) of the fluid by a . g 
coefficient (k) corresponding to the type of element. 
va 
h = k 2g 3.1 
This can be easily converted to the required form, that is, in terms of --
flow (q) knowing the area (A) of the element. 
h=(~)q2 2g A:. 3.2 
A pump can be adapted into the system since a pump merely 
provides a "head gain11 or negative head loss. Hence the use of a 
pump element requires not only a flow-head loss relationship, but also 
a program modification to provide a reversal of signs for the matrix 
components related to the pump coefficients. 
The basic finite element method is not restricted to pipes 
flowing full. Pipes flowing partially full or other open channels can 
be included for analysis. Once again, the only requirement is that the 
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flow can be related to the head loss. An equation such as the Manning 
equation which relates the velocity (v) of the fluid in the channel 
to the hydraulic radius (R) and the slope (s) by the Manning coefficient 
(n) can be used. 
3.3 
This can be converted to the required form as in Eq. 3.4 if the slope 
(s) is considered as the ratio of the head loss (h) of elevation to the 
length (t) over which head loss is taken 
3.4 
It can be seen that the range of hydraulic elements that can 
be included is limitless provided a flow-head loss relationship for 
each element is known. An exact system representation can be obtained 
by introducing a combination of all the hydraulic elements contributing 
to the head loss of the system. 
3.3 Flow-Head Loss Relationships 
The program GENFEM provides to the user a choice of two 
established flow-head loss relationships. The Hazen-Williams equation 
has already been stated as Eq. 2.40. 
t (_g_)l·86 
h = c' n4·B7 c 
HW 
2.40 
The Darcy-Weisbach equation relates the same variables and includes the 
friction factor (f). 
3.5 
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An explicit expression13 for the friction factor (f) is used rather than 
checking the assumed value of the friction factor. The expression 
relates the friction factor (f) to the relative reoughness 0() and the 
Reynolds Number (~). 
ov0·13 4 
f = 0.094~·226 + 0.53'<' + 88~·44,~-1 • 62 1\. 
The relative roughness or) is the ratio of the absolute roughness (e) 
to the pipe diameter (D). 
3.6 
A comparison between the Hazen-Williams equation and the Darcy-
Weisbach equation was made for the pipe network example problem shown 
in Fig. 6. The pipe diameters varied from 6 inches to 16 inches, the 
pipe lengths from 500 feet to 2000 feet, and the flows from 400 gpm to 
4000 gpm. 
To obtain a reasonable equivalence between the two solutions, 
a value of the Hazen-Williams coefficient had to be chosen such that 
it was equivalent to the relative roughness that was selected for the 
Darcy-Weisbach relationship. A value of relative roughness equal to 
0.00085 ft was selected for the pipes:4 The Darcy-Weisbach equation 
was used to find the head loss in 1000 ft of 12 inch pipe at 2000 gpm 
flow rate. A Hazen-Williams coefficient value of 122 was then calculated, 
using the same head loss in the Hazen-Williams equation. 
The pipe network problem was then solved using each flow-head 
loss equation and the results are shown in Table I. The very small 
variations are predictable as the Reynolds Numbers for the pipe flows 
indicates that the flow condition is fully turbulent and hence the value 
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of (f) will remain relatively constant similar to the assumption of a 
constant value of CHW in the Hazen-Williams equation. The results show 
that either equation is applicable to typical pipe network problems. 
Table I 
Comearison of Hazen-Williams and Darcy-Wiesbach Eguations 
in ·Piee Network Problem 
Piee Flow ~l:n~m2 Joint Piezometric Head {feet) 
Hazen-Wi 11 iams Darcy-Weisbach Hazen-Williams Darcy-Weisbach 
1 4307 4314 1 100.0 100.0 
2 4307 4314 2 119.4 119.4 
3 4892 4884 3 132.6 132.6 
4 1588 1592 4 108.5 103.2 
5 333 346 5 98.5 98.4 
6 47 37 6 98.2 98.3 
7 3305 3292 7 93.2 93.5 
8 380 384 8 88.8 89.4 
9 380 384 9 101.8 102.0 
10 758 755 10 115.8 116.0 
11 1639 1636 11 119.8 120.0 
12 4275 4281 12 92.0 92.6 
13 4070 . 4068 13 97.8 98.1 
14 3293 3294 
15 205 213 
16 3088 3081 
17 412 419 
18 536 645 
19 223 226 
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3.4 Lack of Artificial Loops 
Another significant feature of the finite element method is 
that the pipe network can be represented exactly. Methods such as the 
d C h . 1,2,5 . h 11 . f 1 Har y ross tee n~que requ~re t at a p~pes are part o a oop. 
Typically, reservoirs or elevated tanks have one pipe feeding into the 
distribution system and an artificial pipe must be introduced to make 
a loop so that the Hardy Cross solution method can be applied. 
The use of high resistance artificial pipes in the network 
has, in fact, often contributed to convergence difficulties. To simulate 
the actual conditions, the artificial pipes introduced to form loops 
are often of small diameter and high resistance so that they carry an 
insignificant flow and hence can then be neglected. As has been pointed 
out in Chap. 1, this is the exact condition which creates convergence 
problems. 
The finite element method does not require the use of artificial 
pipes to complete a loop. 
3.5 Adaption of Existing Programs 
The appfication of the finite element method should require 
a minimum of computer programming. Most engineering firms and univer-
sities have finite element programs readily available. The ease of 
adaption of these programs depends upon the generality of their nature. 
If the program allows, for example, the specification of the number of 
degrees of freedom per node, the number of prescribed boundary conditions 
and the type of element, then minor program modifications would be 
required. 
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The main requirement for the adaption of a program is the 
writing of a subroutine to carry out the process described in Sec. 2.3. 
This involves the calculation of the pipe coefficient (c), the checking 
of the solution and the subsequent incrementing of (c) if convergence 
has not been reached. 
3.6 Network Size 
With a loop solution method, all pipe and joint information 
must be available to the program at the same time. This puts a 
definite limit on the size of the system that can be solved. The finite, 
element procedure however can operate on blocks of data. There is then 
virtually no limit to the size of the network which can be solved. 
The element and nodal information can be stored on magnetic tapes and 
then read from the tapes in blocks, operated upon and then returned 
to storage on the tapes. 
3.7 Effect of Temperature 
While not being specific to a finite element program, the 
ability to account for changes in temperature has been included. 
Temperature affects the viscosity and to a negligible degree, the 
density of water. 
The viscosity of water over a temperature range of 5°C to 30°C 
-2 -2 
varies from 1.5201 x 10 poise to 0.8004 x 10 poi~e. To account for 
h . ff 1 . h. 15 . f ( ) . 0 • d t 1s e ect, an a gor1t 1m 1n terms o temperature T 1n C 1s use 
to define the viscosity (~) in poise • 
• 
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1 
-:::1 2.1482[(T- 8.435) +/807~.4 + (T 8.435)2 J - 120 3.7 
The program is written so that the temperature can be specified for each 
pipe. Any set of temperature conditions can be investigated, for example 
seasonal effects, on the entire' system or temperature changes within 
the system. 
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4 . DOCUMENTATION OF CHANGES TO GENFEM 
4.1 Program Operation 
The program GENFEM is written using·an overlay format. The 
use of overlays is a method of programming16 to reduce the required 
central memory space to a minimum. Basically, the program is segmented 
into what could be termed unit operations and as each unit operation is 
completed the overlay is removed from the working area and replaced by 
the next overlay. Each overlay has at least a main program and one 
or more subroutines.. There are three types of overlays; namely, main, 
primary and secondary. In general, there can be only one main overlay 
(0,0), any number of primary overlays ((n,O), where n is any integer) 
and each primary overlay can have an unlimited number of secondary 
overlays ((i,j), where i is the number of the primary overlay and j 
is any integer). The main overlay remains in central memory the entire 
time and one primary overlay with one at its associated overlays is 
also present, the other overlays being in auxilary storage. 
The construction of the overlay system for GEMFEM is shown 
in Fig. 7. Solution of the pipe network problemusesonly the main 
overlay, five primary overlays and one secondary overlay. The method 
of overlay use for the solution of the'pipe network problem is shown 
in Fig. 8. When the computations have been completed in the secondary 
OVERLAY (6,1) then the problem has been solved once, or the first cycle 
has been completed. After the first cycle OVERLAY (3,0) is reintroduced 
into central memory and the solution is checked (this checking step is 
omitted the first time through the program). If the problem has not 
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converged, the matrix is solved again with a revised set of pipe coeffi-
cients. The second and subsequent cycles then run from OVERLAY (3,0) 
to OVERLAY (6,1). 
The major changes to GENFEM occured in OVERLAY (2,0) (ELNODA) 
and in OVERLAY (3,0) (ELSTFA, READIN and PROUT) and these modifications 
are outlined in Sees. 4.2 and 4.3, respectively. A brief outline of 
the whole program and the routines in each overlay is given at this 
point with the minor modifications explained. 
4.1.1 OVERLAY (0,0) 
(a) Program GENFEM The entire program is described and most 
of the variables used throughout the program are defined. 
(b) Subroutine CONTRL The array IPP is read from the first 
data card. This array is common to the entire program and the individual 
values are used as both counters and operation controllers. Most 
importantly, the first eight values control which overlays are to be 
used. The maximum number of cycles to be used in the problem solution 
is read from the second data card. 
(c) Subroutine BOO The format statements which appear as 
variables throughout the program and other variables are defined. 
(d) Subroutine TIMA The time information regarding each 
overlay can be determined by use of this routine. 
(e) Subroutine BUFFIN Much information is stored on local 
files to reduce the central memory space required. This process will 
be discussed shortly. This routine allows for the buffering in and out, 
or reading and writing, of this information to the local files. 
4.1.2 OVERLAY (2,0) 
(a) Program ELNODA The pipe and joint parameters are read 
and a series of preliminary calculations are carried out. This is 
documented in Sec. 4.2. 
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{b) Subroutine RDLOAD The magnitude of the imposed flows 
and their locations are read. The sign convention adopted is that flow 
into the system is taken as positive and flow out of the system is 
negative. 
4.1.3 OVERLAY (3,0) 
(a) Program ELSTF This routine was modified so that if the 
hydraulic elements (element type number 14 or greater) are specified 
then the routine simply calls Subroutine ELSTFA. Before ELSTFA is 
called blank common is declared and the arguments of ELSTFA are defined 
and subsequently constitute the blank common. Minor changes include 
the incrementing of IPP (54) which is used as the cycle counter and 
the rewinding of all local files used. 
{b) Subroutine REDTF This subroutine is not used during 
the solution of the pipe network problem. 
(c) Subroutine ELSTFA, READIN, PROUT These subroutines 
constitute the basic program modifications. Here the checking of 
convergence and the correction of the pipe coefficient (c) is carried. 
The final results are printed out also. This is all documented in Sec. 4.3. 
4.1.4 OVERLAY (4,0) 
(a) Program OVL40 This routine calls the SEMBEL routine. 
{b) Subroutine SMBEL The assembly of the matrix is carried 
-28 
out. A change was inserted to insure that the pipe and joint properties 
were read from the correct local files by checking IPP (55). 
(c) Subroutine BRIN The pipe and joint information is brought 
into the working area for assembly. A small but important change was 
made so that the pipe coefficient (c) would be placed in the correct 
location in the matrix. The matrix is assembled with each element 
specified by two equal and opposite flows (q , q ), the pipe coefficient 
a -a 
(ca) and the piezometric heads (H1 , H2) at each end of the pipe. Hence, 
This can be expressed in terms of the matrix [E] as follows 
~a l = jE(l) q J I E(2) \,-a L 4.2 
The modification is to equate E(l) and E(4) to the positive pipe 
coefficient and E(2) and E(3) to the negative pipe coefficient. 
4.1.5 OVERLAY (5,0) 
(a) Program LINCON, Subroutines IMPOSE, REARN, RDLCO, REDLRS, 
DPLBC This overlay concerns itself with reading the boundary conditions 
from local files and then applying these boundary conditions to the 
matrix. It has r'emained unchanged except for slight modifications to 
LINCON and DPLBC. For structural problems both zero and nonzero dis-
placements are required to be read however the modification allows for 
the reading of only nonzero piezometric heads. 
4.1.6 OVERLAYS (6,0) and (6,1) 
(a) Programs SOLVE, DSOBAN Here the matrix solution is 
obtained. The basic change was to include the incrementing of the 
counter IPP (55) which is used to define which local files that 
information is stored on. 
Extensive use is made throughout the program of labelled 
common blocks. There are five of interest in the solution of pipe 
networks, namely LFN, IPP, PROB, NAEL, and BUF. 
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The first block, LFN, makes common all the local files. The 
three local files of particular interest are LFDIV, LFENP, and LFELS. 
The local file LFDIV stores the p~eziometric heads once they are cal-
culated. The two local files LFENP and LFELS are used alternately for 
the input and output of the pipe parameters. When the pipe parameters 
are first read and the preliminary calculations carried out, the infor-
mation is stored on LFENP. This includes the initial value of each of 
the pipe coefficients. During solution of the matrix and during the 
check·of the solution, the information is read back from LFENP. When 
the required corrections to the pipe coefficients have been made, the 
information is then stored on LFELS •. The two files then alternate 
these roles and a check is kept as to where the current date is stored 
by noting whether the counter IPP (55) is odd or even. Two files 
are required since only information for 100 elements is brought into 
the working area at one time. 
The second block, IPP, has been mentioned previously and makes 
common the array IPP which is used to provide both counters and operation 
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control throughout the program. Of particular importance are the first 
eight values in addition to IPP (54) and IPP (55). The first eight 
values control which overlays are to be used. The two values IPP (54) 
and IPP (55) are used to keep track of the number of cycles and to 
determine which local file has the current pipe information, respectively. 
The third block, PROB, contains the general problem para-
meters. The variables used and their uses are listed below. 
NPROB = Number of problems 
NELEM = Number of pipes 
NPOIN = Number of joints. This is also equal to NDRF, the total 
number of degrees of freedom. 
NNDFR = Number of degrees of freedom per joint (1) 
NLOAD = Number of different flow conditions 
NSPN = Must be set to zero 
KS = Cycle limit 
YMOD = Convergence limit on heads 
The fourth block, NAELP, contains the pipe and joint information. 
The variables and arrays used are as follows: 
NSEL = Pipe number 
NIND = Type of flow-head loss solution to be used; (3) for Hazen~ 
Williams and (4) for Darcy-Weisbach with explicit form of (f). 
NTYEL = Type of hydraulic element 
DIM = The pipe properties (diameter, length, e value, CHW value 
and temperature) are read into this array. The preliminary 
calculations are then stored in the array. This process 
is described in Sec. 4.2. 
NAENP Storage for joint numbers at each end of the pipe. It 
should be noted that an array NAELP is also dimensioned 
and made equivalent to the variable NSEL so that the 
variables in this common block can be referred to as 
single subscripted variables of the array NAELP. 
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The final block BUF, is used for reading and writing on local 
files. Such information as the local file name, LFNAM, the starting 
word address (IFWA) and the final word address (LWA) is transferred in 
this common block. 
4.2 ELNODA·Modifications (Input Format) 
The principal operations carried out in ELNODA are shown on 
the flowchart, Fig. 9. The input of the majority of data to the program 
occurs in this routine and the format for the data deck can be found 
in the Appendix. 
With reference to Fig. 8 a brief summary of the preliminary 
calculations will be given. These calculations center around the values 
of the array DIM. Initially, the array contains information read from 
the data cards. Hence 
DIM(l) Pipe Diameter 4,3 
DIM(2) = Pipe Length 4.4 
DIM(3) = e: (if applicable) 4.5 
DIM(4) f (if applicable) 4.6 
DIM(5) = c (if applicable) 4.7 
DIM(6) = Temperature 4.8 
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The information for one pipe is read and processed at a time and the 
number of cycles through the ELNODA routine is equal to the number of 
pipes in the network. 
From Fig. 9, it can be seen that a series of initial cal-
culations are performed, then a check is made as to which solution type 
is required and then the final calculations are performed. Of the 
initial calculations, the ones of importance are the calculation of 
the viscosity (~) from the algorithm, Eq. 3.7 and the two flows qT 
and q1 which are defined in Fig. 2 and Fig. 4, respectively. The 
viscosity is only recalculated if there is a temperature change. 
Once the type of solution has been specified, the three 
coefficients CTURB, CLAM and CFST are calculated. The coefficient 
CTURB has been defined in Eq. 2.41 as cT. The value of CLAM is the 
slope of the initial straight line section of the flow-head loss rela-
tionship shown in Fig. 2 and is required to define that portion of the 
relationship. The final coefficient, CFST, is the value of the initial 
pipe coefficient (c 1) as shown in Fig. 4. 
When these calculations have been completed, the values 
transferred in the array DIM to the routine ELSTFA are as follows 
DIM(l) = e/D = ~ (if applicable) 4.9 
DIM(2) = AREA 4.10 
DIM(3) = QONE (qT) 4.11 
DIM(4) CTURB (CT) 4.12 
DIM(S) = REN (~) 4.13 
DIM(6) 
DIM(7) 
DIM(8) 
CFST (c 1) 
= CFST (c1) 
CLAM 
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4.14 
4.15 
4.16 
Note that the two locations DIM(6) and DIM(7) are used to store the 
current and the old value of the pipe coefficient respectively. This 
process is described in the next section. 
4.3 ELSTFA, READIN, PROUT Modifications 
These three routines have been completely rewritten for the 
pipe network problem. The routine ELSTFA serves as the basic calling 
program where the calculations are performed and the two routines, 
READIN and PROUT, are used to read information from the local files and 
to return information to those files. The detailed operation of the 
three routines can be seen from their respective flow charts, Fig. 10, 
Fig. 11, and Fig.,l2. 
There are two concepts which will be explained in detail. 
The first is the use of blank common. The original calling program 
is ELSTF and the blank common is declared in this program. The three 
routines ELSTFA, READIN and PROUT are subroutines of ELSTF and hence, 
0 nce blank common is declared it can be accessed by any of the routines 
via the correct variables. The blank common area then becomes a dynamic 
storage area for the pipe information, the piezometric heads and the 
flows. It is dynamic in the sense that the information for 100 pipes 
is stored there at a time. Once the information for the 100 pipes has 
been processed, it is exchanged for the information of the next 100 
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pipes. The piezometric head data and the flow data are stored in their 
entirety for each cycle. 
The exact structure of the blank common thus contains three 
discrete sections. The first section is 3500 words long. Each pipe 
is described by the array NAELP which has 35 locations and there are 
- 100 pipes descr_ibed at any one time. This information is read from 
either of the local files LFELS or LFENP as described in Sec. 2.3. The 
second section has the piezometric head values calculated from the 
matrix solution and read from the local file LFDIV. This section is 
equal in length to the number of degrees of freedom (or the number of 
joints). The third section contains the flow values calculated in 
this routine (ELSTFA) and is equal in length to the number of elements 
(or number of pipes). 
The second concept which should be noted is the extensive 
accounting procedure which must be followed to ensure that the correct 
information is used for all computations. The two routines READIN and 
PROUT are used, respectively, to read and write the pipe information on 
the local files LFENP and LFELS. The limiting cases which must be 
checked are when either 100 pipes have been processed or when the total 
number of pipes have been processed. When wither of these situations 
has been reached then either reading or writing must take place. 
Similar checks must be maintained in the routine ELSTFA to control the 
number of calculations performed. 
Briefly then, the routine ELSTFA carries out the checking of 
convergence of the solution and then the modification of the pipe 
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coefficient as described in Sec. 2.3. The required information is 
placed in blank common. The flow for each pipe is calculated indivi-
dually from the solved piezometric head difference and Eq. 2.2, namely, 
q = c h 2.2 
This flow is then substituted into the desired flow-head loss relation-
ship and the head loss calculated. This head loss is then checked 
against the piezometric head difference. If the solution has not 
converged to the desired limit the value of the pipe coefficient (c) 
is modified as shown in Fig. 4 and this value is stored in DIM(6) with 
the old value of (c) being stored in DIM(7). When one pipe has been 
dealt with, the information is returned to blank common and the next 
pipe is considered. If the head losses have all converged to the 
desired limit then the final solution is printed, otherwise, the problem 
is solved again with the new pipe coefficients. 
5. CONCLUSIONS 
5.1 Summary 
This report has shown how the finite element method for 
solving structural problems can be successfully adapted t9 the solu-
tion of pipe network problems. A theoretical basis was developed for 
this adaption by drawing an analogy between the two systems. 
The large number of advantages of the finite element method 
over the Hardy Cross method in particular have been documented. Most 
of these advantages hold true in a comparison of any loop method to 
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the finite element method. The major advantage is the speed of conver-
gence and in general complete lack of convergence problems of the 
proposed 'method over the Hardy Cross method. Other important advantages 
are the ability to include in the analysis all types of hydraulic elements, 
the choice of flow-head loss relationships, the lack of artificial loops, 
the ease of adaption of existing finite element programs, the unlimited 
network size and finally the ability to account for temperature effects. 
Finally an outline of the changes made to an existing finite 
element program, GENFEM, is given. The intent of that chapter is to 
show in some detail the ease with which an existing finite element 
program used for the solution of structural problems can be adapted for 
the solution of pipe networks. The chapter is also written so that 
use and further modification of the program can be continued. 
5.2 Recommendations 
The recommendations for future use and modification of the 
finite element method applied to pipe networks fall into two categories. 
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Firstly, the specific modifications which would both improve 
the program and a~quaint the user with the program will be listed. 
(a) Default values for such variables as temperature, itera-
tion eye~ limit and head loss convergence limit should be provided. 
(b) Output format should be improved so that input data is 
printed and the information for each pipe could be printed out rather 
than a simple list of pipe flows and piezometric heads. This last 
operation will require a good knowledge of reading and writing of pipe 
information to the local files. 
(c) Hydraulic elements other than pipes should 'be introduced 
into the program. The introduction of the pump element is unique as 
it involves a "head gain" rather than a head loss and will require an 
extra program modification. If these modifications are successfully 
attempted then a sound basis for development of the ultimate aim of 
this study will have been built.' 
The final recommendation then is a statement of the aim of 
this study. It is anticipated that because of the speed of convergence 
and lack of convergence problems this method will form the basis of a 
procedure to optimize the design and operation of pipe networks. 
6 • NOMENCLATURE 
A Area of pipe 
c Pipe coefficient 
C Pipe coefficient matrix 
c' Coefficient for unit conversion 
cT All quantities of turbulent flow equation except head loss 
and flow 
CHW Hazen-Williams coefficient 
D Pipe diameter 
f Friction factor 
F Axial force 
g Gravitational constant 
h Head loss 
H Piezometric head of a joint 
hT Head loss at which transition from laminar and turbulent 
flow occurs 
J 
k 
K 
t 
n 
Head loss for calculation of initial pipe coefficient 
Head loss for calculation of corrected pipe coefficient 
Intermediate-matrix 
Coefficient for hydraulic elements 
Stiffness matrix . 
Pipe length 
Manning coefficient 
Pipe flow 
Sum of pipe flows at a joint 
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Flow at which transition from laminar to turbulent flow occurs 
s 
s 
T 
u 
v 
Flow for calculation of initial pipe coefficient 
Flow for calculation of corrected pipe coefficient 
Hydraulic radius 
Reynolds number 
Slope 
Triangular matrix 
Temperature 
Displacement 
Fluid velocity 
Absolute roughness 
Relative roughness 
Density 
Dynamic viscosity 
-3.9 
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7. FIGURES 
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Fig. 1 Example Problem 
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Joint 5 
q=600gpm 
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where RN = 2000 
h = c q 1.85 T T T 
h 
Fig. 2 Typical Flow-Head Loss Relationship 
q 
.. 
·-, 
h 
Fig. 3 Unique Solution 
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This point satisfies 
both equations. 
• 
q 
where RN = 2.0 x 105 
h = c q 1.85 I T I 
h 
Fig. 4 Initial Value of Pipe Coefficient (c) 
-44 
-45 
q 
h he 
Fig. 5 Correction of Pipe Coefficient (c) 
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3500 gpm 
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TIMA 
BUFFIN 
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ELNODA 
RDLOAD 
J, 
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ELSTFA 
READ IN 
PROUT 
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LIN CON 
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REARN 
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Fig. 8 GENFEM Flowchart for Pipe Distribution Network Solution 
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Fig •. 9 ELNODA Flowchart 
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• 
ELSTFA 
• Set counters to 
zern 
~ 
Introduce piezometric head 
information to blank common 
• Call READ IN, pipe information 
from blank common to 
NAELP 
• Calculate flow from 
matrix solution 
• Check flow type, if 
laminar check convergence 
directly 
• Check solution type 
.. 
Check convergence, if 
nonconvergent alter 
pipe coefficient and 
increment nonconvergence 
counter 
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returned to blank 
common 
.L 
Check if all pipe 
flows computed 
• Check convergence I 
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* (Convergence) (Nonconvergence) 
print results OVERLAY (4,0) 
Fig. 10 ELSTFA Flowchart 
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• 
READ IN 
• Set counters to 
zero 
l 
Check if flow 
for 100 pipes has 
been computed 
~ 
Check which file 
has pipe information 
~ 
Introduce pipe 
information to 
blank common 
~ 
Introduce pipe 
information to 
NAELP 
~ 
Increment counters I 
+ L ___ Return 
Fig. 11 READIN Flowchart 
• 
L. 
PROUT 
Set counters to 
zero 
Return pipe information 
from NAELP to blank 
common 
Increment counters J 
~ 
Check of all flows or 
flows for 100 pipes 
have been computed 
l 
Check which local 
file to put pipe 
information on 
~ 
Return pipe 
information to 
correct local file 
--
_i 
l-- --~:~et counters to zero 
I 
Return 
Fig. 12 PROUT Flowchart 
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Card Number 
1 
'2 
3,4,5,6,7 
8 
9 
• 
10 
11 
12 
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9. APPENDIX--INPUT FORMAT 
Card Format 
6011 
418 
60Al 
418 
518 
ElO.O 
10!8 
8El0.0 
Variables 
IPP array, 2-1, 3-1, 4-1, 5-l, 6-1, 13-1, 
30-1, 48-1. 
Limit for number of iteration cycles. 
Heading. 
Number of different demand conditions. 
Number of problems. 
Number of pipes. 
Number of joints. 
Number of degrees of freedom per joint (1). 
Zero • 
Number of joint piezometric heads specified. 
Convergence limit for piezometric head 
difference. 
Pipe number. 
Hydraulic element type (14 for pipes). 
Solution type (3 for Hazen-Williams, 4 for 
Darcy-Weisbach). 
Joint numbers at each end of pipe. 
Diameter (inches) 
Length (feet) 
e if applicable or blank 
f if applicable or blank 
CHW if applicable or blank 
Temperature (°Celsius). 
• 
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Cards 11 and 12 are repeated for each pipe; assume there are 20 pipes. 
41 
42 
I6 
4(I6,Fl4.0) 
Number of joints with flow specified. 
Joint number and flow. 
Card 42 is repeated until all specified flows have been accounted for; 
assume there are 6 specified flows. 
45 
46 
Notes 
(a) 
(b) 
I~ 
16(I5) 
8(FlO.O) 
Number of joints of specified piezometric 
elevation. 
Joint number of specified piezometric elevation. 
Corresponding piezometric elevation. 
Sign convention for specified flows is flow into the system is 
positive and flow out of the system is negative • 
The entire program operates in units of gpm for flow and 
feet for piezometric heads or elevations. 
(c) If repetative information is specified on card type 11 then 
it need only be specified if it alters from the previous 
card type 11· 
• 
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